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We present a way for entanglement purification based on two parametric down-conversion (PDC) 
sources with cross-Kerr nonlinearities. It is comprised of two processes. The first one is a primary 
entanglement purification protocol for PDC sources with nondestructive quantum nondemolition 
(QND) detectors by transferring the spatial entanglement of photon pairs to their polarization. 
In this time, the QND detectors act as the role of controlled-not (CNot) gates. Also they can 
distinguish the photon number of the spatial modes, which provides a good way for the next process 
to purify the entanglement of the photon pairs kept more. In the second process for entanglement 
purification, new QND detectors are designed to act as the role of CNot gates. This protocol has 
the advantage of high yield and it requires neither CNot gates based on linear optical elements nor 
sophisticated single-photon detectors, which makes it more convenient in practical applications. 

PACS numbers: 03.67.Mn, 03.67.Pp, 03.67.Hk, 42.50.Dv 



I. INTRODUCTION 

Quantum entanglement plays an important role in 
quantum information processing and transmission, such 
as quantum computation quantum teleportation 
quantum dense coding Q , quantum state sharing PI and 
certain types of quantum cryptography fol lol 111 Icl l9l [To| . 
In order to complete these tasks efficiently, people need 
to share some maximally entangled states. In a practical 
transmission, the interaction between a quantum system 
and the innocent noise of quantum channel (such as op- 
tical fibers or a free space) will inevitably occur, which 
will degrade the entanglement of the quantum system 
or even make it in a mixed state. The impurity of the 
quantum system will make the outcome of the quantum 
computation anamorphic, the fidelity of quantum tele- 
portation degraded, quantum dense coding failed and the 
key in quantum cryptography insecure. If the destructive 
effect of the noise is not very much, one can exploit en- 
tanglement concentration or entanglement purification to 
improve the entanglement of the quantum system first, 
and then achieve the goals of the applications above with 
maximally entangled state. 

Entanglement concentration [ll|, [l2|, [H, [HI is used to 
increase the entanglement of some pure entangled pairs 
at the risk of that of some others. For the more gen- 
eral case of the quantum system transmitted through a 
noisy channel, it is in a mixed state and the process for 
reconstructing it in a maximally entangled state with an 
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ensemble is termed as entanglement purification or dis- 
tillation 0, M, EE EE M, ml M, El US HI . Gen- 
erally, the implementation of entanglement purification 
schemes requires two or more controlled-not (CNot) gates 
which is not experimentally feasible with linear optical 
elements at present. In 1996, Bennett et al. pro- 
posed an original entanglement purification scheme for 
purifying a Werner state (26[ with two CNOT gates and 
single-photon measurements. Subsequently, Deutsch et 
al. [161 ] optimized this scheme for quantum privacy am- 
plification with two CNOT operations and two special 
unitary transforms. 

In 2001, Pan et al. ^18J proposed an entanglement 
purification protocol with linear optical elements such as 
polarizing beam splitters (PBSs) and quarter wave plates 
(QWPs). In their protocol [18], the two PBSs are used 
to complete the task of parity-check measurements of po- 
larized photons with their spatial modes. We call it PBS 
protocol below. This protocol succeeds, provided that 
two ideal entangled sources are used. That is, both emit 
one and only one entangled photon pair synchronously at 
each time slot. As pointed out by Simon and Pan [23] in 
2002, the currently available source of entangled photons, 
parametric down-conversion (PDC), is not an ideal en- 
tangled source. The feature of PDC seems to fail for the 
PBS protocol [llj] . They then proposed a new entangle- 
ment purification protocol by exploiting spatial entangle- 
ment to purify polarization entanglement, which solves 
the problem above perfectly [27[, and called it Simon- 
Pan protocol. However, in order to improve the fidelity 
of the entangled pairs kept more with the PBS protocol 
[HI, the two parties should exploit quantum nondemo- 
lition (QND) measurement to determine whether there 
are photons after the PBS or not, which can not be ac- 
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complished only with PBS. Moreover, photon number 
detectors should be used to distinguish the two-photon 
cases from the cases with four photons in the same modes 
such as two photons in the upper modes of both Alice's 
and Bob's location. This task can not be accomplished 
simply with linear optical elements. 

Cross-Kerr nonlinearity provides a good tool to con- 
struct nondestructive quantum nondemolition detectors 
" which have the potential available of being able to con- 
dition the evolution of our system but without necessar- 
ily destroying the single photons" [H, Hi| . QND with 
a cross-Kerr medium and a coherent state can be used 
for checking the parity of the polarizations of two pho- 
tons [HI, operating as a controlled-not (CNOT) gate [28|. 
and analyzing the Bell states [3(|. The Hamiltonian of 
a cross-Kerr nonlinear medium can be described by the 
form as follows: 

Hqnd = hxh a h c (1) 

where fi a (n c ) denotes the number operator for mode a 
(c) and hx is the coupling strength of the nonlinearity, 
which is decided by the property of material. For ex- 
ample, for a signal photon state 1^) = a|0) + b\l) and 
a coherent state the cross-Kerr interaction causes 
the combined system composed of a single photon and a 
coherent state to evolve as j28[ 

U ck \p)\a) = e lH ^^ h (a\0)+b\l))\a) 

= a\0)\a)+b\l)\ae ie ). (2) 

We note that |0) and |1) are not the polarization of the 
photons, but the number of the photons. \n) is also called 
the Fock state which means the state contains n photons. 
Now one can see that the signal photon state is unaffected 
by the interaction, but the coherent state makes a phase 
shift of 9. Here 9 = xt an d t 1S the interaction time. The 
phase shift is directly proportional to the number of pho- 
tons. This is the main principle of the cross-Kerr nonlin- 
earity (28|. In 2005, Song et al. [3l[ presented a protocol 
for entanglement purification using cross-Kerr nonlinear- 
ity to complete parity check. It works for the original 
entanglement purification model proposed by Bennett et 
al. [13]. The biggest advantage of their protocol is that 
its successful probability can be nearly enhanced to a 
quantity twice as large as that of PBS protocol [l8[ . The 
drawback of this protocol is the same as that in PBS 
protocol [18|. That is, it requires that the two parties of 
quantum communication should be in possession of two 
ideal single-pair entangled sources. Considering the cur- 
rently available source of entangled photons, this protocol 
becomes useless. Also, it cannot get perfectly entangled 
photon pairs purified when the two parties get a nonzero 
phase shift with X homodyne measurements on their co- 
herent states, which takes place with a probability of the 
same order of magnitude for the case where Alice and 
Bob both get the phase shift 0. Moreover, it can not 
complete the iteration of the purification steps efficiently 
for improving the fidelity of the entangled photons more. 



In this paper, we present a way for entanglement pu- 
rification based on two PDC sources with cross-Kerr non- 
linearities. The task of entanglement purification can be 
completed with two steps. First, we provide a primary 
entanglement purification protocol for PDC sources with 
QND detectors by transferring the spatial entanglement 
of photon pairs to their polarization. In this protocol, the 
QND detectors act as not only the role of CNot gates but 
also that of photon number detectors, which provides a 
good way for the next process to purify the entangle- 
ment of the photon pairs more as they make the photon 
pairs equivalent to those coming from two ideal sources. 
In the second process for entanglement purification, new 
QND detectors are designed to act as the role of CNOT 
gates. This protocol has the advantage of high yield and 
it requires neither CNOT gates based on linear optics 
nor sophisticated single-photon detectors, which makes 
it more convenient in practical applications. 



II. ENTANGLEMENT PURIFICATION BASED 
ON PDC SOURCES 

A. The principle of primary entanglement 
purification based on bit-flipping errors with QND 

The principle of our entanglement purification protocol 
is shown in Fig.l. The PDC sources can produce polar- 
ization and spatial entanglement naturally [271 ] . A pump 
pulse of ultraviolet light passes through a beta barium 
borate (BBO) crystal and produces correlated pairs of 
photons into the modes a% and b\. Then it is reflected 
and traverses the crystal a second time, and produces 
correlated pairs of photons into the modes a 2 and b 2 . 
The Hamiltonian can be approximately described as 

Hp DC = j[(aiH b iH + a iv b tv) 

+ re i *(a+ H bt H + a+ v b+ v )]+H.c, (3) 

where H and V in subscripts present horizontal and 
vertical polarization, r denotes the relative probabil- 
ity of emission of photons into the lower modes com- 
pared to the upper modes, and <fi is the phase between 
these two possibilities (27j . The same as the Simon-Pan 
protocol [27] . in a simple case we assume r — 1 and 
4> = 0. So the single-pair state can be described by 

( a lH^lH + a lV^lV + a 2H^2H + a 2V^2V ) 1^) ' ^ a * S0 Can ^ e 

written as + \a 2 )\b 2 )){\H a )\H b ) + \V a )\V b )). The 

four-photon state produced by this PDC source also can 
be written as [al H b^ H + a^ v b^ v + ajff + a 2V^2v) 2 \^) 
and discussed in the same way. 

After receiving the signals, the user Alice (Bob) lets 
them pass through QNDi detectors whose principle is 
shown in Fig. 2. For a two-photon state without suffer- 
ing from decoherence (including bit-flipping and phase- 
flipping) (a+ H b+ H + a+ v b+ v + a+ H b+ H + 0+^6+^)10), the 
two parties Alice and Bob will get the same phase shifts 
on their coherent states as QNDi detectors evolve the 
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FIG. 1: The new entanglement purification protocol that 
uses new QND (QNDi) detectors and two parametric down- 
conversion sources. The difference between this protocol and 
Simon-Pan protocol [27I ] is that we replace the two PBSs in 
the latter with two QNDi detectors. The PDC sources, which 
produce two photons each into modes al and bl and no pho- 
tons into modes a2 and b2 or vice versa, can be purified by 
both Alice and Bob selecting the same phase shifts. 
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FIG. 2: Schematic diagram showing the principle of our 
new nondestructive quantum nondemolition (QNDi) detec- 
tors. Several cross-Kerr nonlinearities and a coherent laser 
probe beam \a) are used in our protocol. This QND can trans- 
form spatial entanglement into polarization entanglement. It 
can also distinguish superpositions and mixtures of the states 
\HH) and \VV) from \VH) and \HV). It acts as not only the 
role of CNot gates but also of photon number detectors here. 
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FIG. 3: Schematic diagram showing the principle of a coupler. 



combined system to 
-> ( a lH b lH- 



bt v )\0)\c 



Ha+yb+y + a+ H b+ H )\0)\ae* e } a \ae* e ) b , (4) 

where 9 ^ 9' © 2ir. If Alice and Bob get the same 
results with an X homodyne measurement (9 or 9'), 
they retain the pair and perform no local unitary op- 
erations on their photons but link the photons with 



couplers shown in Fig. 3. If both Alice and Bob get 
the phase shift 9 (9'), their photon pair in the state 
(a^b~jj + a,yby)\0) will appear at the lower output modes 
02&2 (upper modes a\bi) of the couplers. If a bit-flipping 
error takes place, i.e., the state of the pair becoming 
(K)|&i) + \a 2 )\b 2 ))(\V a )\H b ) + \H a )\V b )), Alice and Bob 
will get two different results with their homodyne mea- 
surements on their coherent states \a) as QNDi detectors 
evolve the combined system to 



( a lV b lH 

+(a+ H b+ 



n + b + 

4- (7+ b + 
> U 2V U 2H 



U)'\ 



)|o>K 



\ae ) b 
a\ae w ') b . 



(5) 



One will get the result 9 and the other 8'. Therefore, 
by performing a bit-flipping operation a x = \H)(y\ + 
|V)(-H"|, Alice and Bob can get rid of all bit-flip errors 
and obtain their uncorrupted pairs + ayby)\0) by 

coupling the two spatial modes with their couplers. 

Certainly, a phase-flipping error can not be directly 
purified in this way. However, as pointed out by others 
Hi GJ, [H [ill , a phase-flipping error can be transformed 
into a bit-flipping error using a bilateral local operation. 
If a bit-flipping error purification has been successfully 
solved, phase-flipping errors also can be solved perfectly. 
In this way the two parties can purify a general mixed 
state. We only discuss the case with bit-flipping errors 
below. 

For the four-photon state (a,i H fr[ H +a^ v b^ v +o,2H b 2H~ >r 
a 2V b 2v) 2 \fy which has the same order of magnitude of 
probability as the two-photon state {a^ H b^ H + a^ v b^ v + 
a 2H b 2H + a 2V b 2v)\®) > ^ ^ does not suffer from decoher- 
ence, the QNDi detectors evolve the combined system 
to 



{a+ H b+ H + a 

+{a+v b tv + 
+2(a+ H bf H 



i + b + 
l iv u iv 



bt ^ 



2V u 2v) 

„+ u+ 



„i28\ 



2H b 2H) 2 \ 



i28'\ 



\ae as ) b 
\ae™') b 



b 2v)( a 2H b 2H 



1+ u 
l 2V u 2V 



|aeW)) 6 . 



(6) 



2 1 "2v)( a 2H b 2H + a lV b lv)\®)> 
l '2V b 2v)( a 2H b 2H + 

iy"iy)|0) represents the case that one pair appears at 



Similar to the case with the two-photon state, Alice and 
Bob will get the same phase shifts with their homo- 
dyne measurements on their coherent states. That is, 
they both get 29, 29', or 9 + 9' which corresponds to 
the four-photon state (a^ H b+ H + a^ y 6jy) 2 |0), (afybyy J 

a 2// 6 2ff) 2 l°)> or ( a iH b iH + a 2V h \ 
respectively. The state {atH b iH + " 
a+ v b 

the upper modes and the other at the lower modes af- 
ter the couplers, and both in the desired state (a^b^ + 
a+b+)\0). The state (a+ H b+ H + a+ v b+ v f\0) ((a+ v b+ v + 
a 2ff^2ff) 2 |CJ)) denotes that the two pairs both appear at 
the lower (upper) modes after the couplers. That is, the 
QNDi detectors can pick up the state wanted from others 
with the spatial entanglement resource. 

If a bit-flipping error takes place on one of the two 
photon pairs in the four-photon state, i.e., the state of the 
two photon pairs becoming {o^ H b^ H - 
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2H b 2v)\fy> the QNDi detectors evolve the combined system to 
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That is, Alice and Bob can not get the same phase shifts 
with their homodyne measurements on their coherent 
states. After the couplers, one of the two parties gets 
two photons coming from two modes but the other gets 
two photons from only one mode, which makes Alice 
and Bob have no ability to get the uncorrupted state 
( a H b H + a v b v)\®) perfectly. Alice and Bob discard all 
these instances, the same as the Simon-Pan protocol [27j . 

If bit-flipping errors take place on both the two photon 
pairs in the four-photon state, i.e., the state of the two 
pairs becoming (af v b+ H +a+ H b+ v +a+ v b+ H +a+ H b+ v ) 2 \0) , 
QNDi detectors evolve the combined system to 



( a lH b lV 
+ ( a lV b lH + a 



+ b + ) 



J29\ 



I i26'\ 

\ae )b 



2H b 2v) 



! |0) 



I i28'\ i 

\ae )a\ae 



i28\ 



- + b + 

1V U 1H 



+ <4H b tv)( a lH b tv 



4 v bl H )\0)\ae^ + ^ 



(8) 

Alice and Bob should discard the instances for which one 
gets the phase shift 29 and the other gets 29' as the two 
photon pairs appear at the same mode simultaneously. 
When both get the phase shift 6 + 9', they will keep 
these unwanted photon pairs as they can not distinguish 
the corrupted photon pairs from the uncorrupted ones in 
this way. 

In a practical application, the spatial entanglement in 
this two-photon state is completely transformed into the 
polarization entanglement in the process for eliminating 
the bit-flipping errors. They can not be used again for 
correcting the phase-flipping errors directly. It requires 
the two parties to exploit another purification protocol 
to solve this problem. It is valuable to point out that the 
QNDi detectors act as not only a nondestructive mea- 
surement tool but also a tool for distinguishing the num- 
ber of photons. This tool is very useful for the next 
purification to improve the fidelity of the pairs more. 



B. The fidelity of the photon pairs 

Now let us pay our attention to the fidelity of the 
photon pairs. Suppose the probabilities of one photon 
pair and two photon pairs produced by PDC sources are 
Pi and P2, respectively. Suppose the probability of bit- 
flipping arisen from the quantum channel such as fibers 



is I — Fo , which means the original fidelity of the photon 
pairs controlled by the two users Alice and Bob is Fo. 

In our primary entanglement purification protocol, the 
two-photon states are all be kept, which takes place with 
the probability p\ , and their fidelity is 1 after Alice per- 
forms a bit-flipping operation or not. For the four-photon 
states, Alice and Bob only keep the cases where each 
mode has one and only one photon, which takes place 
with the probability of \p 2 [F 2 + (1 - F ) 2 ] . After the pri- 
mary entanglement purification, the fidelity of the photon 
pairs kept becomes 



Fx 



Pi 



\p2n 



pi 



\P2 



Fj + (1-F y 



(9) 



III. 



ENTANGLEMENT PURIFICATION BASED 
ON IDEAL SOURCES 



After the primary entanglement purification based on 
PDC sources in Sec. [Til the photon pairs kept are equiv- 
alent to those coming from two ideal sources as the 
QNDi can distinguish the two-photon states from the 
four-photon states. Moreover, it shows there are useful 
photon pairs or not clearly for the two users. In this 
time, Alice and Bob can exploit the entanglement pu- 
rification protocols with CNOT gates such as those in 
Refs. [HI, |T3| or the PBS protocol proposed by Pan et al. 
[li ] to improve the fidelity of the photon pairs more. At 
present, a CNOT gate with single photons is far beyond 
what is experimentally feasible. The PBS protocol re- 
quires sophisticated single-photon detectors and its yield 
of photon pairs purified is only half of that with CNOT 
gates. The protocol in Ref. [3l[_with QND detectors 
designed by Nemoto and Munro [28| can also be used to 
purify less entangled pairs with X quadrature measure- 
ments [32( 1 in a nearly deterministic way as the two users 
Alice and Bob should ensure that the states \ae ±l8 ) can 
not be distinguished. 

In this section, we will present a different entanglement 
purification protocol for ideal sources in a completely de- 
terministic way without CNOT gates and sophisticated 
single-photon detractors. It has the same yield of photon 
pairs purified as those fl6l Wh with CNOT gates, double 
that of the PBS protocol [Tj|. 
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FIG. 4: The new entanglement purification protocol that uses 
new QND (QND2) detectors and two ideal sources (SI and 
S2). It can be used as the second purification process for 
improving the fidelity of photon pairs from PDC sources more. 



X)(X\ 



al(bl) 




a2(b2) 



Homodyne 
_ al(bl) 



a2(b2) 



FIG. 5: Schematic diagram showing the principle of our new 
nondestructive quantum nondemolition detectors (QND2). 
Each QND2 is composed of two same cross-Kerr nonlinearities 
with the phase shift 9 — %t = it, four PBSs and a coherent 
laser probe beam \a). 



Suppose the photon pairs after the primary entangle- 
ment purification are in the mixed state p ab , the same as 
that in Ref.na, described as follows: 



Pab = F|$+) o6 ($+| + (1 - F)|*+> o6 <¥+|, (10) 



where |$+) Qb = j=(\H) a \H) b + \V) a \V) b ) and |*+) = 
-^(\H) a \V) b + \V) a \H) b ). F (> I) is the fidelity of the 
state, i.e., F = (<f>+|p afc |<f> + ). The two photons in the 
state |$ + ) a i> have the equal polarizations and those in 
the state \^^ b ) have the opposite polarizations in the 
rectangle basis The two pairs can be seen 

as the mixture of four states, i.e., |$ + ) a ibi ■ |3> + )a2&2 
with a probability of F 2 , both |$+) a ibi • |*+) a262 and 
|* + )aif,i • W + )a2b2 with an equal probability of F(l-F), 
and |* + )aibi • \^ + ) a2b2 with a probability of (1 - F) 2 . 

The principle of our entanglement purification proto- 
col based on two ideal sources is shown in Fig. 4. It is 
composed of two QND detectors (QND2) and two mea- 
surements with the diagonal basis {|±) = -^(\H)±\V))}. 
The principle of QND2 is shown in Fig. 5. The two same 
cross-Kerr nonlinearities provide the same phase shift 
B = X 't = it. 



Let us first consider the state |3> + )ai&i 
1 



-x2b2- 



ilbl 



i2b2 



' V2 



(\H) al \H) bl + \V) al \V) bl ) 
\H) a2 \H) b2 + \V) a2 \V) b2 ) 
H) al \H) bl \V) a2 \V) t 



z -^{\H)ai\H) b i\H) a2 \H) b2 -- 11 /,, 1 1 // / i,t 1 1 ,,,21 1 ;/,2 
-\V) al \V) bl \H) a2 \H) b2 + \V) al \V) bl \V) a2 \V) b2 ). 

(11) 
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QND2 detectors evolve the combined system composed 
of four photons and two coherent states to 

- \{{\H) al \H) bl \H) a2 \H) b2 

+ \V)ai\V) bl \V) a2 \V) b2 )\ae™), 
+ \H) al \H) bl \V) a2 \V) b2 \ae l2 n 
+ \V)ai\V) bl \H) a2 \H) b2 \a) a \a) b }. (12) 

When both Alice and Bob get the phase shift tt 
with their homodyne measurements on their coher- 
ent states, the two photon pairs project to the 
state {\H) al \H) bl \H) a2 \H) b2 + |V%i|V%i|V) o2 |lO«)- 
When they both get the phase shift (2tt is just 
the phase shift for the coherent states), they get 
the state (\H) al \H) bl \V) a2 \V) b2 + \V} al \V) bl \H) a2 \H) b2 ) 
and they can obtain the state (\H) a \\H) b x\H) a2 \H) b2 + 
\V)ai\V) bl \V) a2 \V) b2 ) by performing a bit-flipping oper- 
ation a x = \H)(V\ + |V)(.ff| on their first photons al and 
bl. With the same way as in Ref.[l|[ Alice and Bob can 
make the photon pair in the state \<fr + ) a b- In detail, Alice 
and Bob first take a measurement with the diagonal basis 
on their second photons a 2 and b 2 . When they both get 
the results |+) (or |— )), the photon pairs a%bi are pro- 
jected to the state |$ + ) a fc- When one gets the result |+) 
and the other gets |— ), they can obtain the state \<& + )ab 
by performing the phase-flipping a z = \H)(H\ — \V}(V\ 
on the photon a\. 

For the cross-combinations | ( E> + )ai6i • \^ + ) a 2b2 and 
|* + )aibi • \$ + ) a 2b2, the QND 2 detectors will evolve the 
combined system to the state in which Alice and Bob 
can not get the same phase shift with their homo- 
dyne measurements on their coherent states. In detail, 
\$ + )aibi ■ |* + )a262 will be evolved to 

- \{{\H) al \H) bl \V) a2 \H) b2 

+ \V)ai\V) bl \H) a2 \V) b2 )\a) a \ae 
+ \H) al \H) bl \H) a2 \V) h2 \ae") a [ 
+ \V) al \V) bl \V) a2 \H) b2 \ae") a \a) b } 1 

and |* + ) a i b i ■ |<J> + ) a 2&2 will be evolved to 
1 



■6 

i2ir\ 



(13) 



;{(\V) al \H) bl \H) a2 \H) b2 

-\H) al \V) bl \V) a2 \V) b2 )\a) a \ae 
-\V) al \H) bl \V) a2 \V) b2 \ae™) a \ae 
-\H) al \V) bl \H) a2 \H) b2 \ae™)a\a) b } 



b 

i2ir\ 



(14) 
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When Alice gets the phase shift and Bob gets 
7r, their two photon pairs a\bi and a 2 b 2 & r e in the 
state (]H) al \H) bl \V) a2 \H) b2 + \V) al \V) bl \H) a2 \V) b2 ) or 
{\V) al \H) bl \H) a2 \H) b2 + \H) al \V) bl \V) a2 \V) b2 ) with the 
same probability. In this time, Alice and Bob can not de- 
termine in which pair takes place a bit-flipping error. For 
improving the fidelity of the photon pairs kept, Alice and 
Bob should discard both these photon pairs, the same as 
that in the protocol with CNOT gates [H, [T3|. When 
Alice gets the phase shift tt and Bob gets 0, they should 
also discard their two photon pairs. 

For the state |*+) a ibi ■ |* + )a262, QND 2 detectors 
evolve the combined system to 

- \{{\V)al\H) bl \V) a2 \H) b2 

+ \H) al \V) bl \H) a2 \V) b2 )\ae v 
+ (\V)ai\H) bl \H) a2 \V) b2 
+ \H) al \V) bl \V) a2 \H) b2 )\a) a \a) b } 



ae™) b 



(15) 



When Alice and Bob both get the phase shift tt, their two 
photon pairs are in the state (\V) a i\H) bl \V} a2 \H) b2 + 
\H) al \V) bl \H) a2 \V) b2 ). After Alice and Bob perform 
a measurement with the diagonal basis on their second 
photons a 2 and b 2 , the first photon pair ai&i projects to 
the state \^ + ) a b when they both obtain the outcome |+) 
(or |— )); otherwise Alice and Bob will make the pair a\b\ 
in this state by performing a phase- flipping operation a z . 
When Alice and Bob both get the phase shift 0, their two 
photon pairs are in the state (\V) a i\F[) b i\H} a2 \V) b2 + 
\H) a \\V) b i\V) a2 \H) b2 ). With the same operations as 
those in the case where both photon pairs do not con- 
tain errors, Alice and Bob will make their first photon 
pair in the state | x f ,+ ) a fc- In other words, Alice and Bob 
can not distinguish the two cases that contain no errors in 
their two photon pairs or that both contain a bit-flipping 
error. They keep those photon pairs for improving their 
fidelity in the next round. 

By postselection according to the phase shifts of the 
coherent states, Alice and Bob only keep the first photon 
pair in the instances where they get the same phase shifts. 
After this purification process, the new fidelity of the 
photon pairs kept becomes 



F' = 



F 2 



F 2 + (l-F) 2 ' 



(16) 



We get the same fidelity as in the PBS protocol [18| . 
but the yield is double that in the PBS protocol as Alice 
and Bob will keep a photon pair when they get the same 
phase shift, no matter what it is. In PBS protocol, Alice 
and Bob only keep the instances that each mode has one 
and only one photon, which makes its yield half those 
with CNOT gates [l6|, [13] ■ Moreover, Alice and Bob 
use the homodyne measurements on their coherent states 
to replace the sophisticated single-photon detectors in 
PBS protocol [l8j]. This new entanglement purification 
protocol can be used to improve the fidelity of photon 
pairs more by iteration. 



IV. DISCUSSION AND SUMMARY 

In the primary entanglement purification protocol, Al- 
ice and Bob can also use the QND 3 , whose principle is 
shown in Fig. 6, to purify the photon pairs produced by 
two PDC sources if they can control accurately the over- 
lap time of the photons coming from the upper mode 
and the lower mode. In essence, the two parties exploit 
the cross- Kerr nonlinearities, instead of the sophisticated 
single-photon detectors in the Simon-Pan protocol [27| . 
to complete the task of distinguishing the photon num- 
bers from their modes, without destroying the photons 
in this time. 



al(bl) 




a2(b2) 



Homodyne 
al(bl) 



a2(b2) 



FIG. 6: Schematic diagram showing the principle of simple 
nondestructive quantum nondemolition detectors (QND3) for 
purifying the photon pairs produced from two PDC sources. 
Each QND3 is composed of two different cross-Kerr nonlin- 
earities with the phase shift 9 and 9' , a PBS and a coherent 
laser probe beam \a). 



For a two-photon state without suffering from deco- 



herence {(^[u^ih 



' LV^lV 



l 2H u 2H 



two parties Alice and Bob will get the same phase shift 
on their coherent states as QND3 detectors evolve the 
combined system to 



{a+ H b+ H + 

~^( a 2V^2V 



J8\ 



a iv°iv)\ u )\ ae , 
*-4ff&2ff)l°>l«e 4 



\ae ) b , 



(17) 



where 9 7^ 9' © 2ir. If Alice and Bob get the same 
results with an X homodyne measurement (9 or 9'), 
they get a photon pair in the state (a#&# + Oyby)\0). 
The homodyne measurement provides not only the in- 
formation about the polarization state of the photon 
pair but also their spatial modes. If a bit-flipping er- 
ror takes place, i.e., the state of the pair becoming 
(K)IM + \a 2 )\b 2 )){\V a )\H b ) + \H a )\V b )), Alice and Bob 
will get two different results with their homodyne mea- 
surements on their coherent states \a) as QND 3 detectors 
evolve the combined system to 



( a lV b 2H + a m 6 ^ 



2V 



ae )„\ae 



+(a+ v b+ H + a+ H b+ v )\O)\ae i0 ) a \ae l0 ) b . (18) 

One will get the result 9 and the other 9' . By perform- 
ing a bit-flipping operation a x = \H)(V\ + \V)(H\ on 
one photon such as the photon controlled by Alice, Alice 
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and Bob can get rid of all bit-flip errors and obtain their 
uncorrupted pair (a^6^ + a,yby)\0). 

For the four-photon state {ni H b J [ H +a^ v b'l v +a 2H b 2H + 
a 2V^2\/) 2 |0)' tne QND3 detectors evolve the combined 
system to 



( a iv b tv 
+(a 2H b 2H - 
+2(a+ H b+ H 



~^~ a 2V b 2V 



a lH b i H ) 
,+ 



i28\ 



2V b+ v ) 2 \0)\ae 



■28' \ 



a 



+ a lvKv)( a iu b iH 



\ae ae ) b 

J28'\ 



ae 



i(8+8') 



\ae^ +e \. 



(19) 



Alice and Bob only pick up the four- mode instances, i.e., 
they get the same phase shift 8 + 8' . If a bit- flipping error 
takes place on one of the two photon pairs in the four- 
photon state, i.e., the state of the two photon pairs be- 



'2V^2v)( a n 



b + - 

V"1H 



coming (a+ H b+ H + a+ v b+ v + a+ H b+ H 

a iH b iv + a tv b 2H + a 2H b £x)\ty 1 the f° ur photons pass 
through only three ports [27| after PBS. In this way, Al- 
ice and Bob can not get the same phase shift 8 + 8' when 
they measure their coherent states. When bit-flipping er- 
rors take place on both photon pairs in the four-photon 
state, Alice and Bob will get the same phase shift 8 + 8' 
as QND3 detectors evolve the combined system from the 



state {a>tv b iH 
to 



l lH b lV 



l 2V b 2H 



- a 



2H b 2v) 



! |0)|a) a |a) b 



(a 2H b lv 
+(<4v b ti 



1V U 2H 
• + 2H 



l 2V u lH> 

-n+ b+ 
U 1H U 2V 



\0)\ae 

\2|n\ I, 



128' \ 
)a 

J28\ 



i28\ 

ae )b 
i\ae ) b 



+2{a+ v b + 
+a 2 v b iH 



,+ h+ 



b+ v ){a. 



1 1H U 2V 



>H b lV 



ae 



i(8+8'] 



}a\ae i 



(20) 
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FIG. 7: The principle of the nondestructive quantum nonde- 
molition detectors (QND4) designed by Nemoto and Munro 
for parity check [281 ] - Two different cross-Kerr nonlinearities 
have the phase shift 9 and —8, respectively. 



shown in Fig. 7) as the QND2 is more efficient than the 
latter. If Alice and Bob exploit QND4 detectors to purify 
the two photon pairs produced by two ideal sources, they 
should perform a sophisticated X quadrature measure- 
ment in which the states \ae ±e ) can not be distinguished 
[28l [32I ] as QND4 evolve the combined system from the 
state (\H) ai \H) bl \H) a2 \H) b2 + \V) ai \V) bl \V) a2 \V) b2 + 
\H) ai \H) bl \V) a2 \V) b2 + \V) ai \V) bl \H) a . 2 \H) b2 )\a) a \a) b 
to the state 



(\H) ai \H) bl \H) a2 \H) b2 

+l^)« 1 |^ 6l |V> 02 |V> 62 )|a> a |a} 6 

+ \H) ai \H) bl \V) a2 \V) b2 \ae ie } a \ae l9 } b 

+ \V) ai \V) bl \H) a2 \H) b2 \ae- w ) a \ae~ w ) b . 



(21) 



This measurement can not be accomplished in a de- 
terministic way, just in a nearly deterministic way. 
That is, Alice and Bob can not obtain the state 
\H) ai \H) bl \V) a2 \V) b2 + \V) ai \V) bl \H) a2 \H) b2 perfectly, 



which is different from that with QND 2 in Sec. IIII1 

In summary, we propose a different purification scheme 
based on two PDC sources with cross-Kerr nonlinearities. 
The task of entanglement purification can be completed 
with two steps in this scheme. First, we provides a pri- 
mary entanglement purification protocol for PDC sources 
with QND detectors by transferring the spatial entan- 
glement of photon pairs to their polarization. In this 
protocol, the QND detectors act as not only the role of 
CNOT gates but also that of photon number detectors, 
which provides a good way for the next process to pu- 
rify the entanglement of the photon pairs more as they 
make the photon pairs equivalent to those coming from 
two ideal sources. Compared with the Simon-Pan proto- 
col for PDC sources (27| . this protocol does not require 
sophisticated single-photon detectors and can distinguish 
the number of the photons coming from the four modes. 
This advantage makes the two parties have the ability to 
complete the entanglement purification perfectly. In the 
second process for entanglement purification, new QND 
detectors are designed to act as the role of CNOT gates. 
This protocol does not require CNOT gates based on lin- 
ear optical elements, but possesses the same yield of pho- 
ton pairs purified as the protocols [ill Il7l with CNOT 
gates, double that of the PBS protocol [lq . As a perfect 
CNOT gate is far beyond what is experimentally feasi- 
ble with linear optical elements, this protocol may be an 
optimal one. 



From the discussion above, one can see that QND3 
detectors act as the same role as QNDi if the two parties 
can control accurately the overlap time of the photons 
coming from the upper mode (ai (61)) and the lower mode 
(02(62)). In experiment, each party need only use two 
different cross-Kerr nonlinearities, not four, which may 
make it more convenient than the QNDi detectors. 

In this entanglement purification based on ideal 
sources in Sec. Mil we do not exploit the QND detec- 
tor designed by Nemoto and Munro [28j (namely QND4 
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